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Question re-description 6 

The question is to calculate the ultimate axial pile capacity (Qu) of a pile using cone 7 

penetration tests, i.e., tip resistance (qc) and side friction (fs), of other 6 boreholes 8 

around the location of the pile. The location of the pile and other 6 boreholes are shown 9 

in Fig. 1. An empirical approach to calculate the Qu is suggested using qc and fs value 10 

which can be find in competition question files. The qc and fs values of the 6 boreholes 11 

are available. Thus, the point is to evaluate the qc and fs values of the pile location using 12 

the qc and fs values of the 6 boreholes. 13 

 14 

Fig. 1 location of the pile and the 6 boreholes 15 

Question analysis 16 

Soil is layered in the ground. The mechanical properties of the same type of soil are 17 

close. If the soil type distribution along the depth of the pile location are clear, the qc 18 

and fs values are clear and the Qu can be calculated. The qc and fs values are widely used 19 

in the construction of engineering to gain the type of soil along the depth (Robertson, 20 

1990). Typical methods to determine the type of the soils are based on the experience 21 

of engineers according to the regulations of the values of the qc and fs, which is 22 



subjective (Shusheng Lv et al., 2021). An objective and data-based method (Ogen et al., 23 

2019), spectral clustering (von Luxburg, 2007), is applied to gain the soil type using qc 24 

and fs values to gain the soil type distribution of the 6 boreholes. Then a hidden Markov 25 

chain model is applied to evaluate the soil type distribution at the location of the pile 26 

according to the distribution at the 6 boreholes. 27 

Spectral clustering 28 

Spectral clustering is an unsupervised machine learning method. The method is applied 29 

here to classify the type of soil using qc and fs values. The classifications may be 30 

different from the existing soil classifications since the existing soil classifications 31 

considers many other soil properties such as cohesion and interior friction angle. 32 

Because the calculation of Qu only needs qc and fs values, the classifications from qc 33 

and fs values can be more suitable. 34 

The principle and steps of spectral clustering are as follows. Let G=(V, E) be an 35 

undirected graph with vertex set V={1, 2, ……, n} and edge set E⊂V×V. The graph is 36 

assumed weighted, that is, a non-negative weight wij=wji≥0 is associated with each edge 37 

(i, j)∈  E between two vertices i and j. For (i, j)∉  E, wij is set to 0. The weighted 38 

adjacency matrix of the graph is the matrix: 39 
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The (unnormalized) Laplacian of the graph is given by matrix L=L(W), 43 

,   . .,   ( ) ( 1)L D W i e L W diag W W= − = − . 44 

The Laplacian matrix L is symmetric and positive semi-definite; since L1=0, λ1=0 is 45 

the smallest eigenvalue of L. Note that the matrix L does not depend on diagonal 46 

elements of the matrix W, which means that self-edges do not change the graph 47 

Laplacian. The graph Laplacian and its eigenvectors provide important instruments to 48 



spectral clustering, as stated by the following. 49 

Let 1 20 nλ λ λ= ≤ ≤ ≤  be the eigenvalues of L. If λ2 is a simple eigenvalue, then the 50 

corresponding eigenvector is known as the Fiedler vector. In spectral graph theory 51 

(Fiedler M., 1973), it is common to compute the second smallest eigenvalue of L and 52 

label the positive components of the Fiedler vector as belonging to one subset and the 53 

negative ones to another subset, and in this way obtaining a natural partition of the 54 

graph. However, this becomes unreliable when a small perturbation of the weights 55 

yields a coalescence of the eigenvalues λ2 and λ3. More generally (von Luxburg, 2007), 56 

for a subset of vertices C ⊂ V, we here denote the indicator vector 1C as the vector 57 

whose lth entry is equal to 1 if vl∈ C and is equal to zero otherwise. 58 

The multiplicity k of the eigenvalue 0 equals the number of connected components 59 

C1, ..., Ck in the graph. The eigenspace of the eigenvalue 0 is spanned by the indicator 60 

vectors 1C1, ..., 1Ck. 61 

Nonempty sets C1, ..., Ck form a clustering of the graph if 62 
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 63 

Similar to the case of two clusters, this result motivates an algorithm for clustering a 64 

graph into k components. (Liu J. et al., 2018) is an example for the classical k-means 65 

algorithm. Analogous results and algorithms are extended to the normalized Laplacian. 66 

1/2 1/2 1/2 1/2:SymL D LD I D WD− − − −= = −  67 

Algorithm 1 Unnormalized spectral clustering algorithm. 

Input：weight matrix W, number k of clusters 

Output：Clusters 1, , kC C  

1：Begin 

2：    Compute the Laplacian matrix L D W= −  

3：    Compute the eigenvectors 1, , kx x  



4：    Set 1 2[     ]kX x x x=   

5：    For 1, ,i n=  , define 
k

ir ∈  the vector given by the i-th row of X 

6：     Cluster the points ( ) 1, ,i i n
r

=    by the k-means algorithm into k clusters 

1, , kC C  

7：Return 1, , kC C  

Hidden Markov chain model 68 

Hidden Markov chain model are often used to describe the relationship between hidden 69 

state chain and visible state chain. In this question, the hidden state is the type of the 70 

soil which cannot be seen, and the visible states are the qc and fs values. Each hidden 71 

state has the probability of several visible states which called the transition probability. 72 

The visible states are continuous values so the mean and variance of qc and fs are the 73 

parameters describing the transition probability. The principle and steps of hidden 74 

Markov chain model are as follows.  75 

As one of the important kinds of rock and soil variability, the phenomenon of irregular 76 

distribution of soil mass is widely existed in practice. In the existing researches on soil 77 

variability, the method of inferred stratigraphic strata adopted in a considerable part of 78 

the researches cannot reflect the randomness of stratigraphic distribution and cannot 79 

deal with the more complex stratigraphic distribution forms (Blanchin and Chilès, 1993; 80 

Calcagno et al., 2008). In recent years, Markov chain model (MC) are used to simulate 81 

the stratigraphic distribution along the depth.  82 

To explain the definition of MC model, Suppose K is a MC value on a pile, then two 83 

properties of K need to be satisfied: 84 

𝑃𝑃(𝑘𝑘) > 0,∀𝑥𝑥 ∈  Ω 85 
𝑃𝑃(𝑘𝑘𝑖𝑖) = 𝑃𝑃(𝑘𝑘𝑖𝑖|𝑘𝑘𝑗𝑗 ,  𝑘𝑘𝑗𝑗  ∈  𝑁𝑁𝑖𝑖) 86 

Where Ni denotes neighborhood sets of the given depth i. That is, any variable in the 87 

MC is positive and only affected by its neighboring variables. In detail, the probability 88 

distribution of any variable in MC under all given variables is equal to the probability 89 



distribution under given its neighboring variables. For example, the random variable at 90 

a specific depth is correlated with other corresponding variables of certain spatially 91 

adjacent depths, which are referred as neighbors of depth (Elfeki A et al., 2001; Elfeki 92 

A M M et al., 2005). 93 

 In the so-call hidden Markov chain (HMC) model, an configuration of all states of 94 

soils x = (x1, x2, x3,..., xN) can be assumed, which is unobservable by the site 95 

experiment. Then the emitted field P(y|x) is generated by the following equation: 96 

𝑃𝑃(𝑦𝑦|𝑥𝑥) = �𝑃𝑃(𝑦𝑦𝑗𝑗|𝑥𝑥𝑗𝑗)
𝑠𝑠

𝑗𝑗=1

 97 

Where y is the observation value. In this equation, each pair of (xj, yj) indicates that the 98 

corresponding features yj is available from the assumptive label xj, by given the local 99 

neighborhood configuration x∂j. In order to determine a HMC model, the following 100 

three sets of parameters are needed: 101 

The state transition probability matrix A which denotes the probability that the model 102 

transitions between states. Each value in A can be defined as: 103 

𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑃𝑃(𝑥𝑥𝑗𝑗|𝑥𝑥𝑖𝑖) 104 

The output observation probability matrix B which is used for the calculation of the 105 

probability that the model obtains each observed value based on the current state. As 106 

similar, the value in the matrix B can be detailed as following: 107 

𝑏𝑏𝑖𝑖𝑖𝑖 = 𝑃𝑃(𝑦𝑦𝑗𝑗|𝑥𝑥𝑖𝑖) 108 

In the so-call model of Gaussian hidden Markov chain (GHMC), the formula can be 109 

rewritten as: 110 

𝑏𝑏𝑖𝑖𝑖𝑖 = 𝑃𝑃{𝑦𝑦𝑗𝑗|(𝜇𝜇𝑖𝑖,𝜎𝜎𝑖𝑖)} 111 

where the (μl, σi) indicates the parameter set of the Gaussian component density 112 

function. 113 

The initial state probability for representing the probability of initial state at the initial 114 

moment, which can be written as: 115 

𝜋𝜋 = 𝑃𝑃(𝑦𝑦1,𝑦𝑦2, … ,𝑦𝑦𝑘𝑘) 116 



 where k is the total number of the observed variables.   117 

To sum up, the GHMC models are usually represented by λ=[A, B, π]. Thus, by 118 

implementing the GHMC theory, the correlation of the observable and unobservable 119 

variables can be accessed. And the parameter prediction of the target site will be 120 

introduced in the following section. 121 

Modeling process 122 

Spectral clustering of soils based on qc and fs 123 

The values of qc and fs are given with matching depth. Besides the qc and fs, depth is 124 

also an important parameter that should be considered. Thus, the samples of cluster 125 

consist of 3 features: qc, fs and depth. The number of samples is 1000 from every 5mm 126 

along the depth of 5005mm. The results of clustering are show as Fig. 2. Several 127 

clustering methods, such as k-means clustering, density-based clustering, spectral 128 

clustering, are used and spectral clustering performs best. The results show that the 129 

stratums with similar qc, fs and depth cluster into the same type. Totally 14 soil types 130 

are clustered and the average of qc, fs and depth of the 14 soil types are shown in Table 131 

1. According to the results, all 6 borehole’s soil type along depth form 0mm to 5005mm 132 

can be got.  133 

 134 

(a) cluster results and qc data of D6              (b) cluster results and fs data of D6 135 
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(c) cluster results and qc data of E3              (d) cluster results and fs data of E3 136 

(e) cluster results and qc data of G4              (f) cluster results and fs data of G4 137 

(g) cluster results and qc data of I5              (h) cluster results and fs data of I5 138 

(i) cluster results and qc data of J8              (j) cluster results and fs data of J8 139 
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(k) cluster results and qc data of F7              (l) cluster results and fs data of F7 140 

Fig. 2 Clustering results of the 6 boreholes 141 

 142 

Table 1 Average of qc, fs and depth for all soil types 143 

soil type average qc (MPa) average fs (kPa) average depth (mm) 
1 2.17 156.5 3380.9 
2 2.15 89.6 481.0 
3 1.37 80.4 1319.5 
4 3.67 208.0 1246.9 
5 6.22 309.9 1299.2 
6 8.25 127.0 360.2 
7 1.32 57.5 631.4 
8 3.77 144.8 1506.7 
9 2.59 152.1 4356.9 
10 2.59 129.2 2076.3 
11 2.81 148.1 4270.5 
12 0.98 73.4 394.6 
13 4.93 280.1 1677.7 
14 1.59 114.2 403.5 

 144 

Hidden Markov chain model of soil types 145 

Hidden Markov chain model is used to describe the relationship between soil type and 146 

the qc, fs values. The 14 soil types are hidden states, the qc, fs values are visible states. 147 

The probability of stratums at the same depth change from one type to another is the 148 

transition probability. The average and variance of soil types describe the emission 149 

probability.  150 

The transition of soil type considered here is in horizontal directions between 2 151 
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boreholes. Two transition probability matrixes describing two direction, i.e. south-north 152 

and east-west are calculated. For south-north transition probability matrix, the transition 153 

probability between G4 and D6, I5 and D6, J8 and F7, G4 and E3, I5 and G4, F7 and 154 

D6 are weighted based on distance from pile location and summed up. The farther from 155 

pile location, the smaller the weight of boreholes transition probability is. The east-west 156 

transition borehole groups are E3 and F7, G4 and F7, E3 and D6, I5 and J8. The 157 

transition borehole groups are chosen considering the 2 boreholes without other 158 

boreholes between them.  159 

After getting the transition probability and emission probability, the Hidden Markov 160 

chain model is established. The model can calculate the probability of input data. The 161 

input data should be 2*2 matrix. The first row is the qc and fs of the borehole, the second 162 

row is the qc and fs of the stratum at the pile location.  163 

Evaluation of qc and fs at the pile location 164 

The process of evaluation of qc and fs at the pile location is a trial and error process. At 165 

each 5mm along 5005mm, data of qc and fs are generated in turn from the minimum to 166 

the maximum of all 14 soil types. Then the data of pile location are combined with the 167 

data of qc and fs of 6 borehole at the same depth forming the input 2*2 matrix. 6 168 

boreholes form 6 input matrixes whose first rows are different, i.e., qc and fs of the 169 

borehole and the second rows are same, i.e., the qc and fs of the pile location. The hidden 170 

Markov chain model calculate the probability of the 6 input matrixes and summed up 171 

with weights in inverse proportion to the distance from borehole to pile location. The 172 

data of qc and fs at pile location with maximal probability are chosen as the evaluated 173 

data. The detailed process is as follows: 174 

(1) depthi = 5*i,  i=1,2,…,1001 

(2) soil type = j at depthi at pile location, j=1,2,…,14 

(3) qc = minimal qc of soil type j + k*𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑞𝑞𝑐𝑐, 

   fs = minimal fs of soil type j + k*𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑓𝑓𝑠𝑠, 

   k=1,2,…,n,  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑞𝑞𝑐𝑐= 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞𝑐𝑐 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑗𝑗 −𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑞𝑞𝑐𝑐 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑗𝑗 
𝑛𝑛

 



              𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑓𝑓𝑠𝑠= 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑓𝑓𝑠𝑠 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑗𝑗 −𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑓𝑓𝑠𝑠 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑗𝑗 
𝑛𝑛

 

(4) borehole = m, datam = �𝑞𝑞𝑐𝑐𝑚𝑚 𝑓𝑓𝑠𝑠𝑠𝑠
𝑞𝑞𝑐𝑐 𝑓𝑓𝑠𝑠

�, m=1,2,…,6 

(5) probability(i,j,k) = ∑ 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀6
𝑚𝑚=1 (datam)*weightm 

(6) get the qc, fs with maximal probability 

The evaluated qc, fs and the CPT data of pile location are shown in Fig. 3. In order to 175 

compared with the traditional interpolation method, the interpolated qc, fs and the CPT 176 

data are shown in Fig. 4. From the results, the evaluated data are closer to the CPT data 177 

than the interpolated data. The evaluated qc matches the CPT data well while the 178 

evaluated fs does not match the CPT data very well. The depth range where evaluated 179 

fs does not match the CPT are (1230,1515), (2505,3750) and (3750,5005). The average 180 

of qc and fs are (2.47,53.5), (2.90,83.5) and (2.44, 39.7). These 3 types of soil do not 181 

belong to the former 14 types because their fs values are too small and the 6 boreholes 182 

cannot reflect the existence of the low-fs soil type. 183 

 184 
Fig. 3 Evaluated data and CPT data 185 
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Fig. 4 Interpolated data and CPT data 187 

 188 

Evaluate the ultimate bearing capacity 189 

The suggested empirical approach is used to evaluate the ultimate bearing capacity.  190 

𝑄𝑄𝑢𝑢 = 𝑞𝑞𝑝𝑝𝐴𝐴𝑝𝑝 + ∑ 𝑓𝑓𝑝𝑝𝑝𝑝𝐴𝐴𝑠𝑠𝑠𝑠𝑛𝑛
𝑖𝑖=1                     (1) 191 

𝑞𝑞𝑝𝑝 = (𝑞𝑞𝑐𝑐1 + 𝑞𝑞𝑐𝑐2)/2 ≤ 15𝑀𝑀𝑀𝑀𝑀𝑀                 (2) 192 

𝑓𝑓𝑝𝑝 = 𝑘𝑘𝑐𝑐𝑓𝑓𝑠𝑠  ≤ 120𝑘𝑘𝑘𝑘𝑘𝑘,𝑘𝑘𝑐𝑐 = 0.2 − 1.25              (3) 193 

where Qu is the ultimate axial pile capacity, qc1 is minimum of the average of qc 194 

values of zones ranging from 0.7 to 4D below pile tip, D is pile diameter, and qc2 is 195 

average minimum qc values 8D above the pile tip. 196 

In this question, D=400mm and length of pile is 4500mm so the qc1 is minimum of the 197 

average of qc values of zones ranging from 4780mm to 6100 below pile tip. After 198 

calculation, qc1 =2.35MPa, qc2 =2.39MPa, qp =2.46MPa. Ap=0.1257m2. kc is valued 199 

according to the literature. Then Qu is calculated out with value of 645.46kPa.  200 

  201 
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