A Kernel Regression based Method to Interpret Pile Bearing Capacity
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Abstract: With the booming of machine learning application, the soil test data is playing an important role in
geotechnical engineering. A pile design problem is introduced in the TC304/TC309 Student Contest in NSERIRG6.
This paper propose a kernel regression based machine learning method to learn the measured cone penetration test

(CPT) data and the soil properties at untested points can be interpreted. The proposed method can automatically

recognize the complicated non-stationary fluctuation of the soil profile, which are usually neglected in the traditional

method. The mean and the standard deviation as a function of the coordinate of the target point can be both

calculated. Then the auto-correlation of the soil properties can be represented by virtual CPT data generated from

existing measured data. After that, the statistics of the bearing capacity can be calculated. Besides, the samples of

the bearing capacity can be generated based on the linear approximation with moment matching technique. The

proposed method will bring useful insight for the design of pile foundation with spatially variable soil.
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1 Introduction

The soil test data is playing an important role in
geotechnical engineering. A pile design problem is
introduced in the TC304/TC309 Student Contest in the
6th National Symposium on Engineering Risk &
Insurance Research (NSERIR6), August 13-15", 2021,
Chongqing University, China. The data are extracted

SCERFRIRAD: A

from the A-CPT/232/2500m2 dataset in the 304dBl!.
The task is to interpret the tip resistance (g.) and side
friction (f;) at the pile location based upon the available
CPT data, and then evaluate the ultimate bearing
capacity of this pile foundation. The locations of the
piles and the CPT data are shown in Figure 1. One may
refer to the TC304 webpagel! for the detailed
introduction of this problem.
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Figure 1. Locations of the piles and CPTs

The soil properties are usually spatially variable
(e.g., Phoon and Kulhawy!?!). The most popular model
of spatial variability in geotechnical engineering is the
random field model (e.g., Vanmarcke!®)). Generally, the
random field model is assumed to be stationary, i.e. the
mean and the standard deviation are constant and the
auto-correlation is only related to the distance between
two points (e.g., Chol¥; Liu et al.’l). Recently, the
studies of non-stationary random field model have
increasingly appeared in the literatures (e.g., Wang et
al.l%l; Jiang et al.l").

The non-parametric regression method is a useful
tool to catch the trend line of random process
(Hardle®!). The kernel regression method could
consider the weights of the data (Altman™), which has
yielded encouraging results recently when applying in
the geotechnical problems (e.g., Danese et al.l'’;
Kordjazi et al.['!l; Kaveh et al.l'?l). It may be possible
to apply such method to learn the spatially variable soil
properties adaptively based on measured data.

From the provided database of six CPTs, it was
found that the spatial variability of f; and g¢. is
significant and complicated. The CPT data reveals that
the random field of the soil parameters is strongly non-
stationary. It is tempting to adopt a method that can
automatically characterize the sophisticated spatial
variability of the soil. The proposed method does not
require a specific function form of the non-stationary
random field. It is a data-driven method which can
automatically capture the complicated non-stationary
fluctuation of the provided data of f; and ¢. and then

rigorously interpret the complicated stochastic nature

of the soil properties of the studied site.

This paper is organized as follows: First, the basic
idea of kernel regression method is introduced. Then,
the calibration of the kernel regression method is
illustrated. Then the mean value and the standard
deviation can be calculated based on the kernel
regression method. And the method to estimate the soil
properties and the bearing capacity based on “Virtual
load test” is introduced. Finally, the statistics and the
histogram of the bearing capacity are calculated.

2 Kernel Regression

In this paper, the kernel regression method is
adopted to evaluate both the expectations and variances
of the side friction, f; and the tip resistance, ¢. at
different given depths. The kernel regression method is
a non-parametric regression method to calculate the
conditional expectation of a random variable (Kloke et
al. "), The idea of the kernel regression method is to
estimate the trend line based on the data points in the
neighborhood of a given depth. One of the most popular
expressions of kernel regression is the Nadaraya-
Watson kernel regression, which can be seen as a
weighted average of the data points (Nadayara '¥). The
Nadaraya-Watson estimator for the calculation of the
mean value of f; and ¢. at a given location with a

coordinate of x, can be expressed as follows:

ins(X'xi)' fsi
f,(x) =125 (1)
D K (%, X))

N
Z ch (X' Xi ) 0
0.(x) =5 ()

2 Kee (X, X))

i1
where Kz(-) and K,o(-) are the kernel functions for f;
and g.; N is the number of the total data points; x is the

coordinate vector of the target point; X; is the
coordinate vector of the data point i; f; and g.; are the
recorded f; and g. value of the i data point, respectively.
The kernel functions Kz(+) and K,(+) can be seen as the
weight of each data points with respect to the target

point. In this paper, a three-dimensional problem is



encountered. The following Gaussian kernel function is
applied in this paper (Zhong et al. ['*); Ter Haar Romeny

[16]):
K (x X ):epr:_LE + Ej:|
v bh2 bv2

where [, is the horizontal distance between x and X;; /,

€)

is the vertical distance between x and X;; b, is the
horizontal bandwidth; b, is the vertical bandwidth; the
determination of the bandwidth parameters will be
described in detail in the following section.

3 The Determination of the Bandwidth

To calibrate the model of spatially variable soil,
one need to first select an appropriate bandwidth. The
bandwidth of the kernel function can cast a significant
effect on the final estimation of the conditional
expectation as those presented in Egs. (1) and (2). In
terms of the determination of the bandwidth, the cross
validation selectors are recognized as one of the most
useful methods for a wide range of data sets (Park and

Marron U7). In this paper, the more robust cross

validation method with the utilization of the leave-one-
out technique is adopted. Hence, the bandwidth can be
evaluated by minimizing the value of the equation as

shown below:

Ccv (bh’bV)= _ |:fsi - fs,—j (Xi;bh’bV)T )

j=1 i=1

where j represents the /" borehole and the subscript —f
means that the expectation of the variable is estimated
leave out the data series of the j borehole. In this paper,
the b, and b, for fs are 15.164 m and 0.253 m,
respectively and the b, and b, for ¢, are 14.972 m and
0.293 m, respectively. Substitute these bandwidth
values into Egs. (1) and (2), the expectations of the f;
and g, can be calculated at the target borehole given the
corresponding three-dimensional coordinate. Figure 2
and Figure 3 show the expectations of the f; and g. of
all the boreholes compared with the real f; and ¢, data.
The result presented in Figure 2 indicates that the
kernel regression yields a reasonable trend of f; and ¢,
which is consistent with that of the real data.
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Figure 2. The expectation and 95% confidence level of the f; of all the bore holes compared with the real f; data

4 Residuals Analysis

The residuals of both f; and ¢. can be calculated as

follow:

efs,i = fs (Xi)_ fs (XI) (5)

€oei = (Xi)_qc (Xi)

Figure 4(a) and Figure 4(b) present the residuals

(6)

of g. and f;. From Figure 4(a) and Figure 4(b) we can
see that the difference between the yielded expected

and recorded values of different boreholes all fluctuate



along the depth. Such variability may be called
heteroscedasticity (Buteikis!'®)), i.e., the standard
deviations of a predicted variable are non-constant.
This reflects the non-stationary properties of soil
random field. Hence, in order to quantify the depth-
variant uncertainty of f; and ¢., the variance or the
standard deviation may also be described as a function
of the coordinate. Note that the variance can be
expressed as the expectation of the square residuals in
the regression analysis (Buteikis!'*]):

O-fs (Xi) ~ E(e?s,i) (7)
oh(x)~E(el)) (8)

It may be possible to approximate the variance in
Egs. (7) and (8) by regression analysis of the residuals
with respect to the coordinate x. Therefore, the series
of e, and e, can be used to calculate the variance
using the similar procedure of kernel regression method
as aforementioned. Then the variance or the standard
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deviation can be calculated for a given point. Figure 2
and Figure 3 also show the 95% confidence interval of
the f; and g, of all the boreholes. It can be seen that most
measured data points fall into the 95% confidence
interval. The uncertainty of f; is relatively large above
the depth of about 1.5m and rapidly reduced as the
depth increases. Similar phenomenon is also observed
for g.. The reason may be that the properties of the soil
encounter a significant change around the depth of
1.5~2.0 m. This is verified in Jaksal'®! that the ground
contains several layers. The depth of the surface
between Calcareous Mantle and Limy Surficial Layer
and that of the surface between Calcareous Mantle and
Limy Surficial Layer is around 1~2 m and 2~2.5 m,
respectively. This may be the reason of the non-
stationary fluctuation of the soil properties. Comparing
with traditional methods such as stationary random
field, the proposed method can well deal with the non-

stationary spatially variable soil.
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Figure 3. The expectation and 95% confidence level of g. of all the bore holes compared with the real ¢. data

5 Estimation of the Bearing Capacity

5.1 Generation of the samples of f; and ¢.

Assume that f; and ¢. can be modelled as
lognormal random variables. The statistics of Inf; and
Ing. can be calculated based on the mean and the

variance of f; and ¢. based on the property of lognormal

distribution?”). In the purpose of predicting the Q, of
the designed location, the samples of predicted f; and g.
can be generated using the following equations:

fs,predicted (Xi ) = exp[ﬂ’fs (Xi) + gfs,i ' é:fs (Xi )i| (9)

qc,predicted (Xi ) = eXpI:ﬂ“qc (Xi) + gqc,i ' ‘ch (Xi )i| (10)

where A5(x;) and &x(x;) are the mean and the standard



variance of Inf; at the i point, respectively; A,(x;) and
&4e(x;) are the mean and the standard variance of Ing. at
the "
normalized residuals which can be calculated as

point, respectively; &s; and &4, are the

follows:
In f, (Xi ) — A (%)
= 1)
gfs,i - (X ) (
gfs i
0 - 0 - 0 e
@ 5 (b) / (c) 3
500 [ 5001 1 500 &3
/ y g
1000 { | 1000/ { 1000 1
& “ N
1500 | 1500 { 1500
v = P
2 ) i
£ 2000 3 {2000 i 1 2000 =
3 §
£ \
= 2500 ¥ | 25007 ) 1 2500
= '] {
o i
8 3000 % | 3000/ : { 3000
5 {
3500 = {3500 “ { 3500 -
4000/ | 4000} ) | 4000 -
/ ( g
) =5
: | 4500 { | 45 >
4500 ] 4500 o
ﬁ ’:,:~.
50()0 AN A swo o " J 5000 A5 P d
-200 0 200 5 0 5 104 2 0 2 4

Residuals of f, (kPa) Residuals of g, (MPa) Norm. Res. of f;

Figure 4. The residuals and normalized residuals of ¢. and f;.

It may be possible to model the normalized
residuals as standard normal variables!?!. The cross-
correlation coefficient between f; and ¢. can be
calculated based on the samples of ¢5; and eg4;. By
generating samples of the normalized residual, the
samples of f; and ¢. can be conveniently calculated via
Egs. (9) and (10). However, the autocorrelation of the
normalized residuals cannot be easily modeled, which
remains a barrier for constructing the Gaussian random
field of the normalized residuals. As can be seen in
Figure 4(c) and Figure 4(d), the fluctuation of the
normalized residuals along the depth is not uniform.
This reflects the non-stationary property of auto-
correlation of the normalized residuals. Nevertheless, it
may be reasonable to consider that the fluctuation of
the normalized residuals is similar in this site. The
normalized residual at the point of pile can be generated
from the normalized residuals of the six boreholes. By
utilizing ¢4, and g4; from the six boreholes, the
f. (%), T.(x). o6 and ape; from the point of

designed pile and the six virtual CPTs can be generated
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€ (12)

qc,i

residuals of f; and ¢. vary along with the depth. It can
be seen from Figure 4(c) and Figure 4(d) that the
normalized residuals are distributed evenly around 0

and their standard deviations are quite close to 1.
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Figure 5. The virtual CPT data

via Egs. (9) and (10). The six generated virtual CPT
data are shown in Figure 5. The mean value and the 95%
confidence interval are also shown in Figure 5. The
similarity between the points of designed pile and
various boreholes may be different. Hence the weights
of each virtual CPT data are also different. The larger
the distance is, the less the chance of observing the
corresponding virtual CPT data is. The probability of
each simulated virtual CPT data may be modelled using

the kernel function of Eq. (3), i.e.:

where py is the probability of the kth borehole; /,; is the

2 2

I
P, o eXp —(ﬂ+ Y

13
oz 2 (13)

horizontal distance between the point of pile and the
borehole; /, is the vertical distance between the point of
pile and the borehole, which may be regarded as 0 since
the depths of concern are the same in the pile design of
this problem. As the horizontal bandwidth of f; and ¢,
are very close to each other, here the average value is
adopted in Eq. (13).



Based on Egs. (9) to (12), the ultimate bearing
capacity of six virtual CPTs can be calculated, which is
called the “virtual load tests™:

Np
Qux :qup+prjA¥j (14)
i1

where QO is the ultimate bearing capacity of the k™
“virtual load test” and k=1, ..., 6, g is the unit end
bearing, A4, is the pile end area, As is the surface area
along the pile shaft and £, is the unit shaft friction. The
calculation of ¢, and f, is performed using the method
suggested in Schmertmann!??! based on the values of f;
and g, yielded via Egs. (9) and (10). Let O, denote the
bearing capacity of the designed pile. Based on Eq. (13),
the mean and the standard deviation of Q, can be
estimated as:

6
:uQu ZZ pk 'Qu,k (15)
k=1

O =JZ Pe(Que—tos)  (16)

where po. and og, are the mean and the standard
deviation of Q,, respectively.

5.2 Generation of the samples of Q,

In the above sections, the statistics of Q, are estimated.
However, there is no information concerning the
specific distribution of the Q,. Thus, the uncertainty of
the predicted Q, cannot be fully quantified and the
value of the Q, corresponding to a certain confidence
level is not available. In order to simulate the shape of
the distribution of Q,, it is assumed that Q, can be
combination of two

estimated via the linear

distributions:
Qu =a- Qu,correlated +b- QU,i”dl“‘F’e”dent a7

where Oy correlated 18 the ultimate bearing capacity based
on the predicted values of f; and g. which are fully auto-
correlated and Qy independens 18 the ultimate bearing
capacity based on the predicted values of f; and g.
which are independent. The samples of O, correlatea Can
be obtained via in Egs. (9) and (10) by simulating the
fully

correlated normalized residuals. As for

Oy independent, the normalized residuals is independently
generated for different depths. These two distributions
can be regarded as the boundaries of the distribution of
Q. because the actual auto-correlation is between these
two cases as shown in Figure 4(c) and (d). The
histogram of Oy corretatea a0 Q. independens are illustrated
in Figure 6(a) and Figure 6(b), respectively.
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fully auto-correlated CPT data; (b) independent CPT;
(c) moment matching CPT

Based on the SampleS of Qu,correlated and Qu,[ndependem,



the samples of O, , which can give the values of @ and
b is generated via Eq. (17). To calibrate the values of a
and b, the moment matching method is adopted®*!. The
values of @ and b in Eq.(17) are adjusted to ensure that
the samples of O, could construct a distribution whose
mean and standard deviation are as close to those
evaluated using Egs. (15) and (16). The values of a and
b can be solved as a = 0.6423 and b = 0.3211. The
histogram of Q, is illustrated in Figure 5(c). The mean
and the standard deviation of Q, are ug, = 639.15kN
and og, = 30.84kN, respectively.

4 Conclusion

1) This paper proposed a kernel regression based
method to interpret the soil properties and designed pile
bearing capacity. The mean and the variance or the
standard deviation of CPT data at the untested points
can approximated based on measured data. The
complicated non-stationary fluctuation of the soil
properties can be automatically sensed by the proposed
method.

2) The “virtual load test” generated by virtual
CPT data can be simulated based on the measured data
from boreholes in the neighborhood. With a method of
moment matching, the samples of @, can be
approximately generated. The proposed method will
bring useful insight for design of pile foundation with
spatially variable CPT data.
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